Summary. A Cli ord algebra model for M obius geometry is presented. The notion of Ribaucour pairs of orthogonal systems in arbitrary dimensions is introduced, and the structure equations for adapted frames are derived. These equations are discretized and the geometry of the occuring discrete nets and sphere congruences is discussed in a conformal setting. This way, the notions of \discrete Ribaucour congruences" and \discrete Ribaucour pairs of orthogonal systems" are obtained | the latter as a generalization of discrete orthogonal systems in Euclidean space. The relation of a Cauchy problem for discrete orthogonal nets and a permutability theorem for the Ribaucour transformation of smooth orthogonal systems is discussed.
Introduction
Triply orthogonal systems in Euclidean 3-space and Ribaucour sphere congruences in the conformal 3-sphere were intensively studied around the turn of the century | among others by great geometers like Darboux 8] , Bianchi, Guichard 14] (cf. 22]), and Blaschke 2] . After this rst wave of work, a calm period followed | until recently, when relations between (n-dimensional) orthogonal systems and integrable system methods stimulated new interest. The corresponding Both notions, the one of \orthogonal systems" as well as that of \Ribaucour congruences", are conformally invariant, i.e. invariant under M obius transformations of the ambient space. Nevertheless, in all the papers mentioned above (besides 15]), orthogonal systems were treated in a Euclidean setting | even though certain aspects of the theory, e.g. the Ribaucour transformation for orthogonal systems, seem to arise more naturally in a conformal setting. Thus, we hope to make a small contribution in the growing ood of publications in this eld: the purpose of this paper is to introduce a method that allows the treatment of smooth and discrete \Ribaucour pairs of orthogonal nets" in M obius geometry 1) . Moreover, we expect this method not only to be advantageous in the theory of discrete nets but also for the treatment of global questions in higher dimensional M obius geometry (cf. 16]).
First, we give a short introduction to n-dimensional M obius geometry | in particular, we introduce a model using the Cli ord algebra C of (n + 2)-dimensional Minkowski space IR n+2 1 . To obtain geometric interpretations for certain Cli ord algebra elements, we use the fact that the Cli ord algebra C = is isomorphic to the Grassmann algebra as a vector space. On these M obius geometric objects, the spin group Spin(IR n+2 1 ) acts by M obius transformations. Then, we discuss (smooth) orthogonal systems and Ribaucour congruences in this setting. As a generalization, we introduce the notion of \Ribaucour pairs of orthogonal systems" and derive the structure equations for \adapted frames".
These frame equations can easily be discretized: analyzing the occuring discrete nets and \discrete sphere congruences", we obtain de nitions and characterizations for \discrete Ribaucour congruences" and \discrete Ribaucour pairs of orthogonal nets". The latter generalizes the notion of discrete orthogonal nets in Euclidean space (cf. 4], 7], 20]). The occurence of certain (B acklund, Darboux, Ribaucour) transformations is crucial in the relation of di erential geometry and integrable system theory (cf. 5]). In the last part, we discuss the relation of a Cauchy problem for (Ribaucour pairs of) discrete orthogonal systems (cf. 7], 9]) and a general version of the permutability theorem for the Ribaucour transformation of (smooth) orthogonal systems (cf. 8], 13]). In fact, this permutability theorem shows how discrete orthogonal nets can be obtained by repeatedly applying Ribaucour transformations to a given orthogonal system.
M obius geometry and Cli ord algebra
In this section we will give a sketchy introduction to M obius geometry | especially, we intend to elaborate the Cli ord algebra model for M obius geometry and to relate it to the classical models. Classically, the conformally compactied Euclidean space IR n fp 1 g is considered the underlying space for the group 1) In particular, we also obtain a geometrical interpretation of the spinor Lax-representation 3] for isothermic surfaces. at spheres (here, m is the center and r the radius of a sphere) and re ections at planes. Via stereographic projection, IR n fp 1 g can be identi ed with the n-sphere S n which is then embedded as an absolute quadric in IRP n+1 . This allows to consider M obius geometry as a subgeometry of projective geometry | thus, to linearize the M obius group: any M obius transformation of S n extends to a projective transformation of IRP n+1 that xes the absolute quadric S n . For example, an inversion extends to a polar re ection of IRP n+1 . In this model, hyperspheres s S n are given as intersections of projective hyperplanes with S n IRP n+1 . This way, they can be identi ed with points in the \outer space 2) " (IRP n+1 ) o of S n via polarity | a sphere s S n is identi ed with the center of the cone that touches S n in s.
On In this model, the metric subgeometries | in particular Euclidean geometry | of M obius geometry are easily described: if n k 2 IR n+2 1 is a vector with k = ?hn k ; n k i, then the quadric Q k := fp 2 L n+1 j hp; n k i = 1g has constant sectional curvature k; the stereographic projection S n ! IR n becomes the central projection Q 1 ! Q 0 along the light cone generators.
Embedding the Minkowski space IR n+2 1 into its Cli ord algebra C additionally provides a useful algebraic structure. As generators of C, we consider a pseudo orthogonal basis (e 0 ; e 1 ; : : : ; e n ; e 1 ) of IR n+2 2) The \inner space" of S n IRP n+1 can be de ned as the set of those points not lying on any (real) tangent line of S 3 , the outer space is its complement in IRP n+1 n S n .
For our considerations, it will turn out crucial that the spin group and its Lie algebra spin(I R n+2 
3) Pure 2-vectors can be detected by the fact that s = s 1^s2 for s 2 2 if and only if s^s = 0, or s 2 2 IR. We use this fact in the table below. Note that for pairwise orthogonal s 1 ; : : : ; s k 2 1 , the exterior product coincides with the Cli ord product, and ( k i=1 s i ) 2 = (?1)
4) On non isotropic pure (n ? m)-vectors, this is Hodge duality, up to sign. (2) is real i.e. r 4 = 0.
For reference, we have summarized the essentials of the previous discussions in Table 1 where, for simplicity of notation, we restrict to the case n = 3.
Ribaucour pairs of orthogonal systems
In this section, we are going to discuss brie y the geometry of smooth orthogonal systems and Ribaucour congruences (cf. 22], 15]) | in particular, we will derive suitable frame equations. Later, we will use discretizations of these frame equations to obtain de nitions for discrete analogs of smooth orthogonal systems and Ribaucour congruences | and, more general, of Ribaucour pairs of orthogonal systems.
De nition (orthogonal system). A system of n 1-parameter families of hypersurfaces in IR n is called an orthogonal system if any two hypersurfaces from di erent families intersect orthogonally. Obviously, the notion of an orthogonal system is invariant under M obius transformations of the ambient space IR n ; or, more general, it is invariant under conformal changes of the ambient space's metric. Consequently, we will focus on conformally invariant properties of orthogonal systems | even though, we will do some calculations in a Euclidean setting where it seems more convenient.
Parametrizing the n families of orthogonal hypersurfaces one obtains an orthogonal coordinate system (t 1 ; : : : ; t n ) : V IR n ! IR n resp. a parametrization f : U IR n ! IR n L n+1 with @ @ti f ? @ @tj f for any pair 1 i 6 = j n. In our investigations, a key role will be played by the following Theorem (Dupin). In an orthogonal system in IR n , the intersection of n ? 1 hypersurfaces from di erent families is a curvature line for any of the intersecting hypersurfaces. 
The other key concept we are going to examine is the one of a
De nition (Ribaucour congruence). A hypersurface is said to envelope a sphere congruence (an (n ? 1)-parameter family of spheres) if, at every point, the hypersurface has rst order contact with a sphere of the congruence, and a sphere congruence is said to be Ribaucour if the curvature lines on its two envelopes do correspond. Consequently, the two isotropic normal elds of a Ribaucour congruence | its envelopes | can be normalized to be parallel sections of the normal bundle. If we additionally assume the existence of principal curvature line coordinates we 6) Note, that higher dimensional hypersurfaces usually do not carry curvature line coordinates.
obtain two orthogonal systems of codimension 1 in the conformal n-sphere, with In particular, the coordinate lines in the nets of a Ribaucour pair of orthogonal systems intersect pairwise orthogonal since they arise as curvature lines | in case m = n as curvature lines of lower dimensional subnets. We also explicitely allow one of the nets, f orf, to degenerate: this way, the classical orthogonal systems in Euclidean n-space (coupled with the point at in nity) appear as special cases of Ribaucour pairs of orthogonal systems. At this point, we are prepared to formulate the discrete frame equations that we will use to de ne (algebraically) the discrete analogs for Ribaucour pairs of orthogonal systems:
Discrete orthogonal systems and Ribaucour congruences
The basic idea is to discretize the frame equations we derived in the previous section, i.e. to discretize the rst order Taylor expansion of the adapted frames : U ! Spin(IR n+2 1 ): for in nitesimal 0 ' " 2 IR, t 2 U and the standard direction vectors t j = ( 1j ; : : : ; nj ), we have (t + "t j ) ' (t) + j (t) " = 1 + " j ?1 (t)] (t):
A discrete analog of this equation can easily be formulated if 1 and j ?1 can be combined to take values in Spin(IR n+2 1 ) | since (t + "t j ) and (t) lie in Spin(IR n+2 1 ) the product (t + "t j ) ?1 (t) ' 1 + " j ?1 (t)] should, too. Thus, if " j1 +" j2 j ?1 (t)] 2 Spin(IR n+2 1 ) for some nite numbers " j1 ; " j2 2 IR we can just use the sructure of " j1 + " j2 j ?1 (t)] to de ne the discrete analogs of the frame equations.
Having this in mind, an examination of the frame equations (4) for an adapted frame of an orthogonal system in Euclidean ambient space IR n as well as (7) for an adapted frame of a Ribaucour congruence in the conformal nsphere | or, more general, the frame equations (8) ). The situation is di erent in the case of the adapted frame equations (5) for a single orthogonal system in the conformal n-sphere: in that case, it will be hard to control whether a combination 1 + " j ?1 is a pure bivector, and therefore, whether a suitable normalization can ever take values in Spin (IR n+2   1 ). Thus, we will stick to the case of Ribaucour pairs of orthogonal systems: here, the structure equations for a discrete frame : ? 6 Z m ! Spin(IR n+2 1 ) will be of the form (t + t j ) = e j s j (t + 1 2 t j ) (t) (9) with suitable vector functions s j : ? j ! S n+1 1 | where we use the notation t + 1 2 t j for the edges in j-direction of ?, and ? j for the lattice formed by these edges. With this ansatz for , we examine the geometry of the two maps F := ?1 e 0 : ? ! L n+1 F := ?1 e 1 : ? ! L n+1 (10) | which will lead us to the de nition of discrete Ribaucour pairs of orthogonal systems: rst, we notice that two points F(t) and F(t + t j ) lie symmetric with respect to the sphere 7) S j (t + 1 2 t j ) := ?1 (t)e j (t + t j ) = ?1 (t + t j )e j (t) : (11) 7) Note, that the second equality shows that S j (t+ 1 2 t j ) depends symmetrically on the endpoints t and t + t j of the edge t + 1 2 t j .
F(t + t j ) = S j (t + con rms | and the point pairs (F (t); F(t + t j )) and (F (t);F (t + t j )) do not seperate each other on the circle. Conversely, if two corresponding edges of F and F do not both degenerate at the same time, F(t) 6 = F(t+t j ) orF (t) 6 =F (t+t j ), then the corresponding sphere S j (t + 1 2 t j ) can be geometrically (i.e. up to sign) reconstructed from the four points | since they are concircular and do not seperate. As another simple consequence we nd that if one of the maps F or F is constant, sayF e 1 , then all the spheres S j , 1 j m, are planes, i.e. they contain e 1 , the \point at in nity": S j e 1 + e 1 S j = 0. In that case, (12) of the structure equations (9) . Using these \Maurer-Cartan equations", it is a straightforward calculation to obtain the cross ratio (2) of an elementary quadrilateral with vertices F(t), F(t + t i ), F(t + t i + t j ) and F(t + t j ) DV F(t); F(t + t i ); F(t + t i + t j ); F(t + t j )] = ? he0;si(t+ The above lemma directly generalizes to higher dimension: for example, we may consider corresponding elementary quadrilaterals (2-cells) of the nets F andF . Then, by the lemma, the vertices of the elementary quadrilateral of F lie on a circle, as well as the two endpoints of an edge and their corresponding points of the netF do. These two circles are contained in a 2-sphere. Now, taking another pair of edges that shares one pair of endpoints with the former pair of edges, another circle is obtained. Since three of the points on this circle already lie on the 2-sphere, the whole circle does. Consequently, by symmetry, all the vertices of the elementary 2-cell ofF also lie on that 2-sphere. A similar argument shows that the vertices of an elementary 3-cell of one of the nets, F orF , lie on a 2-sphere | and, nally, the same arguments also prove similar statements for higher dimensional elementary cells. Thus, as a generalization of the previous lemma, we obtain the following Lemma. The A discrete map S : ? ! n?m into the space of m-spheres in the conformal n-sphere generally has no envelopes: for the notion of \envelopes" to make sense one has to require the spheres S(t + 1 2 (" 1 ; : : : ; " m )), t 2 ? and " j 2 f 1g, of each elementary m-cell in ? to intersect in a point pair. In that case, it makes sense to speak of a \discrete sphere congruence". Note, that for the notion of a \discrete Ribaucour sphere congruence" we assume the existence of two enveloping discrete curvature line nets. Thus, the two envelopes can be reconstructed from a discrete Ribaucour congruence: since we additionally know that the endpoints of corresponding edges of the two envelopes should not seperate on the circles they lie on (cf. (11)) there is a unique ordering on the pairs of corresponding points.
From the previous lemma, it also becomes clear that | analogous to the smooth case | any corresponding subnets of a discrete Ribaucour pair of orthogonal nets form themselves a discrete Ribaucour pair.
With the equations (11), the frame can as well be \integrated" from the spheres S j , 1 j m | and, since the spheres S j can be (up to sign) constructed from the nets F andF , Theorem. All three, the discrete frame : ? ! Spin(IR n+2 1 ) satisfying (9), the corresponding discrete Ribaucour pair of orthogonal nets F;F : ? ! L n+1 , and the system of element spheres S j : ? j ! S n+1
In these constructions, the frame is only determined up to a pointwise sign change. In terms of the element spheres S j , such sign changes are re ected by a sign ambiguity, too. However, the spheres S j have to satisfy a integrability condition that is equivalent to the Maurer-Cartan equations (12) (cf. Fig. 1 ): since 9) As mentioned above, a sphere S j belonging to corresponding edges of F andF can generically be reconstructed from the four points. However, if only points of one of the nets, F orF, are given the spheres cannot be uniquely reconstructed | but, for example, choosing them to be planes in a Euclidean space (i.e.F e 1 ) resolves this ambiguity. This construction scheme provides a method to solve the following (cf since the vertices of an elementary 3-cell lie on a 2-sphere an inversion that maps the common point F(t) of all known 2-cells to in nity leaves us with a 2-dimensional picture (Fig. 2, left) . By Miguel's theorem the three circles intersect in a point | the image of the unknown point of the elementary 3-cell. A similar procedure works in higher dimensions: mapping the initial point of an elementary (k + 1)-cell to in nity, we are left with a k-simplex in Euclidean kspace. Focussing on one of the (k ?1)-spheres (corresponding to the elementary k-cells) that contain the vertices of the simplex, the problem can be reduced by one dimension (cf. Fig. 2, right) . Thus, the assumption follows by induction.
Another relation (besides relations through analogy) between the smooth and the analogous discrete theory of (Ribaucour pairs of) orthogonal nets may be established through a 12) net F : 6 Z m+k ! IR n with the given smooth orthogonal systems as part of ( m+k i ) initial data. This might serve as a plausibility argument for the general permutability theorem for the Ribaucour transformation of orthogonal systems.
